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Type of Element 
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Type of 2D Elements 

2D Elements

This chapter considers the two-dimensional finite element. Two-dimensional
(planar) elements are defined by three or more nodes in a two-dimensional plane
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Aspect Ration in 2D element
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Case study & Practical Assignment 



Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari 8



Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari 9



Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari 10

Introduction of stress tensor 
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Distortion Energy Theory or Von-Misses Theory - Ductile Material 

• Equivalent stress is 

For 2D and 3D problem
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Hooke's Law for 3D stress

• Hooke's Law can also be applied to material undergoing three dimensional stress (triaxial loading).

• The development of 3D equations is similar to 1D, sum the total normal strain in one direction due

to loads in all three directions. For the x-direction, this gives,



Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari 13

Similarly, the other directions can also be determined. The final equations are summarized in the table

below.
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Matrix form stain

and stress
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Two dimensional stress-strain relationships are summarized in the table below.
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Basic Concepts of Plane Stress and Plane Strain

• Plane Stress

Plane stress is defined to be a state of stress in which the normal stress and the 
shear stresses directed perpendicular to the plane are assumed to be zero 
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• Generally, members that are thin (those with a small z dimension compared to
the in-plane x and y dimensions) and whose loads act only in the x-y plane can
be considered to be under plane stress.

• The plates in the x-y plane shown subjected to surface tractions T (pressure
acting on the surface edge or face of a member in units of force/area) in
the plane are under a state of plane stress; that is, the normal stress Ϭz and
the shear stresses τxz and τyz are assumed to be zero.
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• Plane Strain

Plane strain is defined to be a state of strain in which the strain normal to the 
x-y plane ɛz and the shear strains уxz and у yz are assumed to be zero

Dam subjected to horizontal loading;
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The assumptions of plane strain are realistic for long bodies (say, in the z
direction) with constant cross-sectional area subjected to loads that act only in
the x and/or y directions and do not vary in the z direction.
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• Axisymmetric element

When the geometry, boundary condition, load and material properties are 
identical with respective the axis of symmetry of three dimensional element 
can be converted into two dimensional axisymmetric problem
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To illustrate the steps and introduce the basic equations necessary for the
plane triangular element, consider the thin plate subjected to tensile surface
traction loads TS in Figure

Derivation of the Constant-Strain Triangular Element Stiffness Matrix
and Equations

Thin plate in tension Discretized plate of  using triangular elements
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• The discretized plate has been divided into triangular elements, each with
nodes such as i; j, and m.

• Each node has two degrees of freedom—an x and a y displacement. We will
let ui and vi represent the node i displacement components in the x and y
directions, respectively.

the general displacement function 

2

1
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• To obtain the a’s in Eqs. 1 we begin by substituting the coordinates of the
nodal points into Eqs. 1 to yield

We can solve for the a’s beginning with the first three 
expressed in matrix form as
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The method of cofactors is one possible method for finding the 
inverse of [x] . Thus

We can solve for the a’s last  three expression
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Define the Strain/Displacement and Stress/Strain Relationships

Jacobian matrix use to 
transfer local 
displacement to global 
displacement 
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Using the principle of minimum potential energy, we can generate the equations for a typical constant-
strain triangular element. Keep in mind that for the basic plane stress element, the total potential energy
is now a function of the nodal displacements,



Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari 28

body forces is given by

concentrated loads

distributed loads

strain energy
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Examples on CST
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2D analysis using CST elements
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